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Appendix I: Local Lie Group
Representations

Definition of | nvariants

Let us consider the problem by analysing a system transform with speaifieidnce properties.
We seek a system that is described by a Lagrangian functional:

J(x) = I:L(t, X, X) , [133]

whereL is the Lagrangian which is egrated in order to obtain the output functiogx) . It
should be noticed that, along with the specifiafaléablest ad x, the Lagrangian also specifies
a function in terms of the deative signalx.

We define a transformatiofr, as a mappingT :R® - R® , which maps a poin{t, x) into a point
(t, x) by:

Tt = o(t, x), X = Y(t, x) [134]

where ¢(t,x) and y(t, x) are specified transformation functions. Composition of transformations
is represented by:

S:t

y(t, X), X = w(t, X) [135]
then

ST :t" = y(t, x), X' = w(t, x) [136]
and by substitution from Equation 135 weiarat the composition functional:

ST :t" = y(o(t, X), w(t, X)), X' = w(e(t, X), w(t, X)) . 137
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1.2

In order for a transformation to belong to the group it must have a corresponding inverse transform
within some bounded region of the transform:

Tt = d(t, X), X = WY(t, x) . [138]
Another necessary component of a group is the identity element which is represented by the com-

positions T'T andTT™ . We represent the identity element with the notagion

Auditory group transformations are dependent upon a real parameter ,for all in an open inter-
val [e|<g, . We can define this family one parameter transformations in the following manner:

Te it = o(t, X €), X = P(t,x ) . [139]

As well as the existence of inverse and identity transforms for the functionals we also want the
transforms to exhibit thiecal closure propertyThis property states thatfey aegd  sufficiently

small, there exists ag,  such that:

T£1T£2 = T€3 . [140]

A one-parameter family of transformations that satisfies the above requirements of inverse, iden-
tity and closure is calledlacal Lie group [Logan87] [Moon95] [Gilmore74] [Bourbaki75].

Transformations of points

Consider the transform:

T, :t' = t coss—xsing, X = tsing + x cose [141]
The composition of these functions has the forrg T. =T , thus the parameters sum
1 & €,+E,
under composition. The identity transform g = | arrg1 =T ¢ . By these four properties

the above transformation forms a local Lie group rti@tion group.

A Taylor series expansion of Equation 141 abeui 0 yeilds the following forrm,for
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Transformations of points

t' = @(t, x, 0) + @ (t, x, 0)e + %(p (t, X, O)s2 + ... [142)
€E

t+1(t, X)e + 0(€)

= W(t, x, 0) + W, (t, X 0)¢ + %wse(t, X, 0)e2+ ...

X+ &(t, X)e +0(€)

where o(e) - 0 faster thart . 0 . The function subscripts  aipd denote a partial deriva-

tive, e.g.¢, = gi)‘(’ . This representation constitutes a global representation of the local Lie group

T.. The quantities ané are theneratorsof T, and they are defined as the partial derivatives
of the component functions of the transformation:

T(t, X) = @(t, % 0), E(t, x) = We(t,x 0) . [143]

The generators are also used to obtaimfmitessimal representationy local representation, for
the local Lie group obtained for small

t' = t+et(t, xX) +0(¢), : [144]

X = x+€&(t, x) +0(¢g)

For linear transforms the infinitessimal representation can be used to specify the global representa-
tion. This is not true for non-linear transformations for which the generators represent a local-lin-

ear transform of the vector field of the transformation for a small regien of
The rotation group transform, given by Equation 141, is a linear transform. We define the proper-

ties of a linear transform in Section ??? where we considered the class of normal subgroups. We
can obtain the generators for the rotation group by solving the partial derivatives for the compo-

nent functions,, and, , evaluating at= 0 gives:

(LX) = %(p(t, X€)|,_, = X 145

and

E(tX) = St xe)],_o =t (s
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substituting into the infinitessimal representation, Equation 144, we obtain the local representation
of the rotation group transform:

t' = t—ex+o0(€), [147]
X = x+et+o(g)

the generators of which are(t, x) = x argt, x) =t thus specifying the global representation:
t' = t—xe + 0(¢), [148]

X = x+te+o0(¢g)

We shall see the importance of the rotation group later when we consider a general class of trans-
forms that operates in the time-frequency plane as time shifts and time-frequency rotations. This

class of transforms will be used in the following chapters to characterize particular classes of
sound structure invariant.

Transformations of functions

We now consider the effects of transforming a function by a local Lie groupx kef(t) , Where
h(t) O C , the set of complex numbers. Under the local Lie group transformation produces a

mapping from x = h(ty tox = n(t) .We find the form ofq by noting that maps to

t = @(t, h(t),e) . Now, fore sufficiently small there exists an inverse mappingp@fh(t), €)
denoted byk , such that = K(t, ¢) . Then under

X = Q(t, h(1), &) = P(K(t, €), h(K(t, €)), e) =h'(t) , a9

where rt andk are the transformations of the Lagrangiarx, x) . In order to fully specify the
behaviour of the function under transformation we must also determine how derivatives of func-
tions are transformed undey

By the chain rule:

d,, _, dt dhdt _ - dt
Wh = tha*‘quaW = (L|Jt+L|th)W [150]
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wherey, andy, are evaluated atK(t,e), h(K(t, €)), €) . Using this derivative we arrive at an
extended group of transforms which represent the effect of the transform upon the Lagrangian
L(t, X, %) :

" . L Wt X €) (L %, €)X
t'=q(t, x, €), X = QP(t, x€),x = oL % 6) T O (LXK

The generators for the derivative element of the extended group is derived by the global represen-
tation method, described above, and it is given by:

[151]

X = X+ (§—x0)e +0(¢) [152]

the linear generator,  is thus given by:

n = E—)’(T [153]
which extends the generators previously given in Equation 144,
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