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Opportunistic Cooperative Diversity with Feedback and Cheap Radios
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Abstract— Practical cooperative diversity protocols often rely
on low-cost radios that treat multiple in-band signals as noise
and thus require strictly orthogonal transmissions. We analyze
the performance of a class of opportunistic relaying protocols
that employ simple packet level feedback and strictly orthogonal
transmissions. It is shown that the diversity-multiplexing tradeoff
of the proposed protocols either matches or outperforms the
multi-input-single-output (MISO), zero-feedback performance.
These gains indicate that low complexity radios and feedback
could be an appealing architecture for future user cooperation
protocols.
Index Terms— Network cooperative diversity, outage probability, fading channel, virtual antenna arrays, cheap radios, wireless
networks.

I. I NTRODUCTION
OOPERATIVE transmissions from distributed terminals
continue to attract considerable interest especially in
studies of the quasi-static (non-ergodic) relay channel. On the
theoretical side, information theoretic analysis of several user
cooperation protocols is presented in [1]–[6]. These works
focus on fundamental limits of cooperative transmission and
assume idealistic conditions such as perfect synchronization
across the relays, simultaneous in-band transmissions (both
frequency and time) and availability of practical codes that
approach the random coding performance. For example, the
protocols in [1] require simultaneous in-band transmissions
among a set of decode-and-forward (DF) relays that form
a distributed antenna and utilize optimal space-time coding
(STC). Subsequent research has shown that if the principle
of both time and frequency in-band transmissions (PTFIT) is
further exploited, end-to-end performance can be enhanced.
For example, in [2] it has been shown that when the source
continues to transmit and a single DF or amplify-and-forward
(AF) relay re-transmits, channel degrees-of-freedom are not
wasted, improving performance compared to schemes where
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source stops transmitting during relay retransmission [3].
Similar conclusions appear in [4]–[6].
On the practical side, there has been recent interest in
approaching the random coding performance limits with distributed space time codes (see e.g., [7] and references therein),
under the assumption of PTFIT. We note however that the
PTFIT is not supported by many existing low-cost radios,
which treat multiple in-band signals as noise. One common
reason is that many existing RF-front ends are not linear
and thus, the superposition of signals at the receiver antenna
does not appear as a linear combination at baseband [8].
Consecutively, cooperative diversity techniques based on the
PTFIT, are not applicable with many existing, low-cost radios.
In an effort to utilize low-cost radios in cooperative settings
that adhere to principles of orthogonal transmissions (POT),
the research community has proposed single transmission of a
selected relay among a set of possible candidates, orthogonally
(not in-band) to the source. For example, in [9] the relay geometrically closer to destination forwards information, among
the DF relays that have successfully decoded the information
from the original source. All network terminals were assumed
with GPS receivers and distributed selection was envisioned
alongside the lines of geographic forwarding [10]. MonteCarlo simulations provided performance results in Rayleigh
Fading, incorporating feedback from destination.
Adhering to the principle of orthogonal transmissions
(POT), a relay selection scheme among low-cost DF or AF
relays, based on pro-active channel measurements and forwarding orthogonally to the source, was proposed in [11]. A
simple protocol was analyzed, allowing fast relay selection
with limited delay (within a fraction of the channel coherence
time), in a distributed manner. Diversity-multiplexing tradeoff
(DMT) analysis of no-feedback setups in Rayleigh Fading
revealed no performance loss, compared to distributed spacetime coding schemes that adhere to PTFIT. That result demonstrated that the selection diversity benefits found in the classic
multi-antenna (MIMO) literature (e.g. [12], [13]) carry over
in the relay channel, even though the latter is fundamentally
different than the classic MIMO channel: information is not
apriori known at the relays as opposed to the co-located multiantenna case, but instead, messages need to be conveyed over
distributed and noisy links between source and receiving relay
antennas.
Treating low-complexity relay terminals as distributed sensors of the wireless channel (and not necessarily as active retransmitters) is the main theme of opportunistic relaying [14].
Experimental testing of opportunistic cooperative diversity in
existing radios can be found in [8] and [14]. Subsequent
finite-SNR analysis revealed the advantages of opportunistic
relaying over certain space-time coding schemes with DF [15]
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or AF relays [16].
In this letter, we study the performance of opportunistic
cooperative diversity in the high spectral efficiency regime via
packet level feedback. While we adhere to strictly orthogonal
transmissions facilitated by existing, low-cost (cheap) radios,
we analyze the performance of Gaussian codebooks. To put
our work in perspective,
1) in contrast to [11], where no-feedback schemes under
Rayleigh fading are analyzed, we study feedback with
opportunistic relaying under generalized fading, where
Rayleigh is a special case. Moreover, we provide DMT
analysis for more than one relay selection policies;
2) in contrast to [3], where a single DF relay with feedback
under Rayleigh fading is studied, we analyze a multiple
AF relay setup under generalized fading;
3) in contrast to [17], where feedback with DF relays
transmitting in-band with the source is analyzed, we
study feedback with multiple AF relays transmitting
orthogonally to the source and each other (POT);
We eventually find out, that even under the POT, performance is significantly improved in the high spectral efficiency
regime, compared to the no-feedback case, allowing direct
exploitation of cooperative diversity benefits with cheap and
existing radios.
In section II we describe the basic notation, system assumptions and definitions followed throughout this document,
in section III we quantify the performance as a function of
feedback rounds and finally, in section IV we discuss the
findings.

Zheng and Tse [18] for fixed rate codes and subsequently
extended to variable rate codes in [19].
Definition 1 (Diversity-Multiplexing Tradeoff [18], [19]):
Consider a sequence of variable rate codes Cρ , indexed by
SNR (ρ). If Pe (ρ) and Re (ρ) denote the outage probability
and the average rate (bits per channel use) associated with
Cρ , then the multiplexing gain re and diversity order d are
defined as:
Δ

re = lim

ρ→∞

Re (ρ)
,
log ρ

Δ

d = − lim

ρ→∞

log Pe (ρ)
.
log ρ

(3)

. .
In the sequel, operators =, ≤ are used to simplify presentation:
Definition 2: A function f (ρ) is said to be exponentially
.
equal to b, denoted by f (ρ) = ρb , if
lim

ρ→∞

log f (ρ)
= b.
log ρ

(4)

.

Relation ≤ is defined in a similar fashion.

A. Opportunistic Relay Selection
Whenever a feedback signal from the final destination flags
the necessity of a relay transmission, a specific relay in the
set Srelay is selected according to the following criteria:


(5)
b = arg max g(|aSk |2 , |akD |2 ) ,
k∈Srelay

with two choices (policies) for function g(·, ·):
II. S YSTEM M ODEL AND D EFINITIONS
The setup includes one source node, one destination node,
and a set Srelay = {1, 2, . . . , K} of K amplify-and-forward
(AF) relay nodes. We consider a conventional quasi-static
(slow), flat fading model (see e.g. [1], [3], [4]), where the
received signal in a link (A → B) between two nodes “A”
and “B” is given by:
yB [j] = aAB · xA [j] + nB [j]

(1)

where xA [j] is the j-th symbol transmitted from node A
and nB ∼ CN (0, N0 ) is the additive white Gaussian noise
(AWGN) at node B.1 The complex valued channel gain,
aAB , between the link A → B, is distributed according to
a Nakagami-m distribution,2 i.e., |aAB |2 follows a gamma
distribution with shape mAB ≡ m > 0 and scale θAB ≡ θ > 0,
with pdf given by:
f|aAB |2 (x) = xm−1

exp(−x/θ)
,
Γ(m) θm

(2)

where Γ(·) is the complete gamma function (see
 (26) in appendix). We denote the transmit SNR as ρ = E |xA |2 /N0 .
We utilize the diversity-multiplexing tradeoff (DMT) to
evaluate performance. This framework was introduced by

2

1 CN μ, σ
denotes a complex circularly symmetric Gaussian distribution
with mean μ and variance σ 2 .
2 Nakagami-m encompasses a variety of fading models followed in the
literature. For example, m = 1 corresponds to Rayleigh fading, while m =
(κ+1)2
> 1 approximates Ricean fading (κ is the Ricean factor).
2κ+1

policy I (min):

g(x, y)

=

policy II (harmonic mean):

g(x, y)

=

min {x, y} , (6)
2xy
.
(7)
x+y

Such opportunistic relay selection is proposed in [11]
and [14], where its practical and theoretical properties are
discussed. In particular, opportunistic relay selection can be
performed via distributed techniques that do not require global
channel state information (CSI) at a central controller or
anywhere else in the network and incurs a small fraction (e.g.
two orders of magnitude) of the channel coherence time. The
interested reader could refer to [11], [14] for additional details
regarding opportunistic relay selection algorithms, their associated overhead and their implementation in actual networks.
III. O PPORTUNISTIC AF R ELAYING WITH F EEDBACK
A. Single Round of Feedback
The transmission of each message requires n channel uses.
The source transmits with n channel uses and the signals
received at the best relay and the destination are given by:
yb [j] = aSb · x[j] + nb [j],
yD [j] = aSD · x[j] + nD [j].

j = 1, 2 . . . n,

(8)

In our analysis, we consider a sequence of Gaussian codebooks Cρ with nominal rate
R(ρ) = log(1 + ρr )

(9)
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for some r ∈ (0, 1). Accordingly, the decoding at the destination fails if the following event happens:




Δ
2
E1 = I0 = n log 1 + ρ|aSD | ≤ nR(ρ)


2
= |aSD | ≤ ρr−1 .

(10)

If the selected relay b receives a single-bit feedback from the
destination, indicating that the message has not been decoded
correctly, it then transmits xb [i] = βyd [i] over the next n slots,
where β is a properly normalized amplification factor, as in
[3]. The received symbols at the destination are given by:
zD [i] = abD · xb [i] + nD [i],

i = 1, 2, . . . , n.

(11)

With AaF relays, the end-to-end mutual information is given
by [3]:



2
2
2
F
,
= n log 1 + ρ|aSD | + f ρ|abD | , ρ|aSb |
IAF

(12)

xy
where f (x, y) = x+y+1
. The single relay re-transmission will
fail if


Δ
F
E2 = IAF
≤ nR(ρ)


(13)
1 
2
2
2
= |aSD | + f ρ|abD | , ρ|aSb | ≤ ρr−1 .
ρ

Because of the feedback mechanism, the average spectral
efficiency Re (ρ) for the code Cρ is given by:
  R(ρ)
P {E1 } ,
Re (ρ) = R(ρ) P E1 +
2

(14)

where E1 is the complementary event of E1 . Thus it follows
that Re (ρ) ≤ R(ρ). Nevertheless, the effective multiplexing
gain does not reduce due to feedback.
Lemma 1: The effective multiplexing gain, re in Def. 1,
satisfies re = r.
Proof: Substituting (10) in (14) we have that
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(E2 E1 ) = P E1
E2
(15)
Pe (ρ) = P E1


1 
2
2
2
2
= P |aSD | ≤ ρr−1 , |aSD | + f |aSb | ρ,|abD | ρ < ρr−1
ρ
(16)




2
2
2
r−1
r
(17)
≤ P |aSD | ≤ ρ , f |aSb | ρ, |abD | ρ < ρ



 

2
2
2
= P |aSD | ≤ ρr−1 × P f |aSb | ρ, |abD | ρ < ρr
(18)
where (16) follows by substituting (10) and (13) in (15) and
we use the fact that for any positive θ,
P(X + Y < θ) ≤ P(X ≤ θ, Y ≤ θ),
for any positive random variables X and Y in (17), and (18)
2
follows from the fact that the random variables |aSD | and
2
2
(|aSb | , |abD | ) are mutually independent.
We separately upper bound the two terms in (18). First from
Lemma 2 in appendix, we have that with m0 = mSD ,
 .

2
(19)
P |aSD | ≤ ρr−1 ≤ρ(r−1)m0 .
Next, using Lemma 4 in [11], we have that,


 
2
2
P f |aSb | ρ, |abD | ρ ≤ ρr



2
2
≤ P min |aSb | , |abD | ≤ ρr−1 + ρ0.5r−1




.
2
2
= P min |aSb | , |abD | ≤ ρr−1
K
.
= ρ(r−1) k=1 mk



1 + ρr



(20)

where (20) follows from Lemma 2 in the appendix with mk =
min{mSk , mkD }. Combining (19) and (20), we have that
.

Pe (ρ)≤ ρ(r−1)



K
k=0

mk

.

(21)

We summarize our analysis below.
Theorem 1: Opportunistic cooperative diversity with a single round of feedback and relay selection according to (6)
or (7), achieves DMT performance d(re ) at least as good as
K
d∗ (re ) = (1 − re ) k=0 mk , for re ∈ (0, 1).

 R(ρ) 


Proof: From inequality (21) and the definition of diver2
2
Re (ρ) = R(ρ) P |aSD | ≥ ρr−1 +
P |aSD | ≤ ρr−1 sity order in (3), we find out:
2
.

K
K
R(ρ) 
2
r−1
Pe (ρ) ≤ ρ−(1−r) k=0 mk = ρ−(1−re ) k=0 mk
P |aSD | ≤ ρ
= R(ρ) −
2
K

R(ρ) (r−1)mSD
·
⇒ d(re ) ≥ d∗ (re ) = (1 − re )
mk
ρ
= R(ρ) −
2
k=0
·
= R(ρ).
We note that the calculated d∗ (re ) for DMT performance


·
2
r−1
(r−1)mSD
is a pessimistic bound, given that protocol performance is
where we have used that P |aSD | ≤ ρ
= ρ
calculated as good as or better than d∗ (re ). For the special
according to the Lemma 2 in the appendix.
case of Rayleigh fading where mk = 1,
Thus we have that
d∗ (r) = (1 − r)(K + 1)
Re (ρ)
R(ρ)
= lim
= r,
re = lim
corresponds to a classic multi-input single-output (MISO)
ρ→∞ log ρ
ρ→∞ log ρ
antenna system without feedback, suggesting that intelligent
as required.
cooperation is fruitful, even when strictly orthogonal transmisNext we compute the outage probability Pe (ρ) in Def. 1.
sions and cheap radios are utilized.
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d(r)

B. Multiple Rounds of Feedback
In certain systems with relaxed delay constraints, multiple
rounds of feedback are permissible and the performance can
be significantly enhanced [19]. We consider a system which
allows for L rounds of feedback, where a round consists of
i) transmission from the source first and then, ii) subsequent
transmission on a separate slot from the selected (“best”) relay.
An outage is declared if the destination fails to decode after
L rounds. Accordingly, in round 1, the source first transmits
for n channel uses, as in Section III-A. The destination sends
a feedback message of negative acknowledgment (NACK) if
it fails to decode the message from the source. The best relay
then sends n symbols using AF and the destination attempts
to decode at the end of this transmission. This source-relay
transmission constitutes a single round. If the destination fails
to decode at the end of this round, then it again broadcasts
a NACK to the source and the source begins transmission in
round 2. This process continues until either the destination is
successful in decoding or L rounds are exhausted. Note that
the destination transmits a total of 2L − 1 NACK single-bit
messages before a failure is declared.
In this setup we assume that the channel gains
|aSb |, |aSD |, |abD | remain fixed over the L rounds. Assuming
independent Gaussian codebooks used in each round, the total
mutual information after L rounds is L times the mutual
information in each round, given in (22). An outage occurs
if the destination cannot decode after L rounds:


Δ
F,L
≤ nR(ρ) ,
(22)
E3L = IAF


2
2
2
F,L
IAF
= nL log 1 + ρ|aSD | + f (ρ|abD | , ρ|aSb | ) . (23)
The analysis for outage probability is analogous to (15)-(20),
but with R(ρ) replaced by R(ρ)/L, and the average rate
.
satisfies Re (ρ) = R(ρ). It can be seen that the DMT lower
bound is given by:
re  
mk .
d (re ) = 1 −
L


∗

K

∗

For the special case of Rayleigh fading, d (re ) becomes:

re 
(K + 1).
d∗ (re ) = 1 −
L
IV. D ISCUSSION
The calculated DMT bounds are depicted in Fig. 1, including opportunistic relaying without feedback. The increased
diversity order observed, comes from the fact that the selected
relay is chosen opportunistically. For the high spectral efficiency regime (0.5 < r < 1), strictly orthogonal transmissions
from single-antenna, half-duplex radios with opportunistic
cooperative diversity and single round of feedback improve
on the MISO bound.3 Additional rounds of feedback further
enhance performance. Spectral efficiency is significantly improved compared to the no-feedback opportunistic relaying
case, simply because relay retransmission is used only when
it is needed.
without feedback.

∑mk

k=0

L-1
L

L rounds of feedback

K

∑mk

k=0

1 round of feedback
No feedback

a

re

A

0.5

of

t

In

st

e
er

1

r

Fig. 1. Opportunistic AF relaying and one round (L = 1) of single-bit
feedback improve on the full DMT curve, even though strictly orthogonal
transmissions are used. Additional rounds L of feedback with opportunistic
AF relaying further improve
 the DMT performance. Note that for the special
case of Rayleigh Fading, K
k=0 mk = K + 1.

On the contrary, the no-feedback opportunistic protocol
always uses the selected relay, which is wasteful in terms of
the channel degrees-of-freedom, when the destination receives
successfully the message directly from the source. The protocols proposed in [1]–[6]. provide an alternate way to efficiently
utilize the channel degrees-of-freedom based on PTFIT, but
their applicability to low cost radios remains to be seen.
As a final remark, we note that the NACK packet from the
destination to the source needs to be transmitted when the link
from the source to destination is in a deep fade. If the channel
obeys reciprocity, this NACK packet may not be received by
the source. In practice this problem can be alleviated by the
relay node, which could retransmit the NACK packet to the
source, at the cost of a small additional overhead.

(24)

k=0

3 multiple-input-single-output

Strictly Orthogonal Transmissions

K

V. C ONCLUSION
Opportunistic cooperative diversity with feedback provides
substantial gains at the high spectral efficiency regime, even
though strictly orthogonal transmissions are utilized. In that
way, existing, simple and cheap radios, built according to noncooperative principles (POT) can be employed.
A PPENDIX
Lemma 2: Let aSk and akD denote the channel gains from
source to relay k and relay k to destination respectively, with
k ∈ Srelay = {1, . . . , K}. The channel gains are assumed independent Nakagami-m random variables (not necessarily identically distributed), with parameters mSk , θSk and mkD , θkD
respectively. Suppose that aSb and abD denote the channel gain
of the source to the selected relay and the selected relay to
the destination respectively, where the selected (“best”) relay
is chosen according to policy I, i.e.




2
2
min |aSb | , |abD | = max min |aSk |2 , |akD |2 ,
k∈Srelay
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or is chosen according to policy II, i.e.

2
2
|aSk |2 |akD |2
|aSb | |abD |
=
max
2
2
k∈Srelay
|aSk |2 + |akD |2
|aSb | + |abD |

We now provide the proof for policy II, observing that:
2

.

Then,for any v > 0, the following
 relationsKhold:

.
2
2
−v
= ρ−v k=1 mk ,
1) P min |aSb | , |abD | ≤ ρ

 .
K
2
2) P |aSb | ≤ ρ−v ≤ ρ−v k=1 mk ,
.


K
2
P |abD | ≤ ρ−v ≤ ρ−v k=1 mk ,
.
Δ
.
where mk = min{mSk , mkD } and operators = and ≤ follow
Definition 2.
Proof: We first provide the proof for policy I.
We observe that if aij is a Nakagami-m r.v., then |aij |2
is distributed according to a gamma distribution, with shape
m > 0 and scale θ > 0:






P(|aij |2 ≤ x) =

γ(m, x/θ)
,
Γ(m)

(25)

where Γ(m), γ(m, x) are the complete and lower incomplete
gamma functions, respectively:
 +∞
 x


Γ(m) =
tm−1 e−t dt, γ(m, x) =
tm−1 e−t dt.
0

0

(26)

Therefore, for any v > 0 we obtain:



2
2
P min |aSk | , |akD | ≤ ρ−v =

 

2
2
= 1 − P |aSk | > ρ−v P |akD | > ρ−v
(27)
−v
γ(mSk , ρ /θSk )
+
=
Γ(mSk )
γ(mkD , ρ−v /θkD ) γ(mSk , ρ−v /θSk ) γ(mkD , ρ−v /θkD )
+
−
.
Γ(mkD )
Γ(mSk )
Γ(mkD )
(28)
We remark that according to [20],
γ(m, x) = e−x xm

+∞


Γ(m)
xn ,
Γ(m
+
1
+
n)
n=0

(29)

and thus, for any v > 0 and ρ → +∞,
γ(m, ρ−v ) = ρ−mv
.

+∞


Γ(m)
.
ρ−nv = ρ−mv . (30)
Γ(m
+
1
+
n)
n=0

From (28) and (30), we observe that for any v > 0 and
ρ → +∞,
 .


2
2
P min |aSk | , |akD | ≤ ρ−v ≤ ρ−mk v ,
(31)
where mk = min{mSk , mkD }.
We can now complete the proof of the first claim:




2
2
P min |aSb | , |abD | ≤ ρ−v =
=

K
 .



2
2
P min |aSk | , |akD | ≤ ρ−v ≤ ρ−v



K
k=1

(32)
mk

.

k=1
2

2
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Since
|aSb | and |abD |
cannot be less than

2
2
min |aSr | , |arD | , the second claim follows immediately
from the first claim.

2


|aSk | |akD |
1
2
2
min |aSk | , |akD | ≤
2
2 ≤
2
|aSk | + |akD |
2
2

|aSb | |abD |
2
2
≤
2
2 ≤ min |aSb | , |abD | , (33)
|aSb | + |abD |

2
2
≥
for any
relay
k
∈
S
.
Since
min
|a
|
,
|a
|
relay
Sb
bD

2
2
1
2 min |aSk | , |akD | , ∀k ∈ Srelay , the first claim follows
2
directly from claim 1, policy I proved above. Also, since |aSb |
2
2
2
and |abD | cannot be less than min(|aSb | , |abD | ), the second
claim follows immediately.
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